PERFECT MATCHINGS OF LINE GRAPHS WITH SMALL 

MAXIMUM DEGREE 



WEIGEN YAN AND FUJI ZHANG 

Abstract. Let G be a connected graph with vertex set V{G) = {vi, W2, • • • , fi/} , which 
may have multiple edges but have no loops, and 2 < dQ{vi) < 3 for z = 1, 2, • • • , i/, where 
c?g(w) denotes the degree of vertex v of G. We show that if G has an even number of 
edges, then the number of perfect matchings of the line graph of G equals 2"/^+^, where 
n is the number of 3-degree vertices of G. As a corollary, we prove that the number of 
perfect matchings of a connected cubic line graph with n vertices equals 2"/^+^ if n > 4, 
which implies the conjecture by Lovasz and Plummer holds for the connected cubic line 
graphs. As applications, we enumerate perfect matchings of the Kagome lattices, 3.12.12 
lattices, and Sierpinski gasket with dimension two in the context of statistical physics. 



1. Introduction 

Throughout this paper, we suppose that G = {V{G), E{G)) is a connected graph 
with the vertex set V{G) = {vi,V2,--- ,Vi,} and the edge set E{G) which may have 
multiple edges but have no loops, if not specified. The line graph of G, denoted by L{G), 
is defined as the graph whose vertex set V{L{G)) = E{G) and two vertices e and / in 
L{G) are joined by z (i = 0, 1, 2) edges if and only if two edges e and / in G have i end 
vertices in common. A perfect matching of G is a set of independent edges of G covering 
all vertices of G. Denote the number of perfect matchings of G by M{G). It is well known 
that computing M{G) of a graph G is an A^P-hard problem (see [TTl [T5l [20] ). 

Let G be a graph with z/ vertices and let Go, Gi, ■ ■ ■ ,Gk be graphs such that Go = G 
and, for each i > 0, Gj can be obtained from Gi_i by subdividing an edge once. Then G^ 
is said to be a subdivision of G. For convenience, we can regard G as a subdivision of G. 
Let S{G) denote the graph obtained from G by subdividing every edge once. 
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A classical theorem of Petersen [TTj asserts that every cubic graph without a cut-edge 
has at least a perfect matching. This result can be derived as a corollary of Tutte's 1-factor 
theorem [15]. Edmonds, Lovasz, and PuUeyblank [5] and Naddef [16] proved that each 
cubic graph with v vertices has at least | + 2 perfect matchings if it has no cut-edge and 
has at least | + 1 perfect matchings if it is cyclically 4-edge-connected. Similar bounds 
can be achieved using Lovasz' matching lattice theorem [T?]. Recently, Krai, Sereni, and 
Stiebitz [12] improved the lower bound for graphs without a cut-edge to |. In the 70 's, 
Lovasz and Plummer conjectured (in the mid-1970s) that every cubic graph with no cut- 
edge has exponentially many perfect matchings. Voorhoeve [21] proved this conjecture for 
bipartite cubic graphs. He proved that every cubic bipartite graph G with no cut-edge has 
at least 6- (|)^~^ perfect matchings, where v is the number of vertices of G. Furthermore, 
Lovasz and Plummer [15] conjectured that for > 3 there exist constants ci(A;) > 1 
and C2(A;) > such that every fc-regular elementary graph (i.e., 1-extendable graph) with 
1v vertices contains at least C2{k)ci{ky perfect matchings. Schrijver [19] proved this 
conjecture for the fc-regular bipartite graphs. He poved that for A; > 2 every fc-regular 
bipartite graph G with 2i/ vertices has at least ul (^)"(> -\/27r (^^Y perfect matchings. 

The above conjectures have been proved to be challenging questions, and are still open. 
As far as we know the latest result of the first conjecture for the case of the non bipartite 
graphs was achieved by Chudnovsky and Seymour [2J who proved that every cubic planar 
graph G with no cut-edge has at least 2'"/^^^^'^^'^^^ perfect matchings, where u is the number 
of vertices (with degree three) of G. 

Inspiring by these discussions, we attempt to find some kind of graphs the number of 
perfect matchings of which can be determined by the number of vertices of degree three. 
In the next section, we prove that if G = {V{G), E{G)) is a connected graph with an 
even number of edges , which may have multiple edges but have no loops, and satisfies 
2 < 'iG('^) ^ 3, for V G V{G), then the number of perfect matchings of the line graph 
of G equals 2"'/^"''^, where n is the number of 3-degree vertices of G. As a corollary, we 
also prove that the number of perfect matchings of a connected cubic line graph with 
n vertices equals 2"/^"^^ if > 4. As applications, in Section 3 we enumerate perfect 
matchings of the Kagome lattices, 3.12.12 lattices, and Sierpinski gasket with dimension 
two in the context of statistical physics. Finally, in Section 4 we give some remarks. 
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(a) (b) 

Figure 1. (a) A graph G; (b) the corresponding graph G' . 

2. Main results 

We first introduce some lemmas. Let G be a graph and u a vertex of G. Let XUY 
be a partition of the edges incident u. For an edge e incident to m, let 0(e) be the other 
endpoint of e. Construct a new graph G' from G as follows (see Figure 1): 

(i) remove u and the incident edges and insert three new vertices u' ,u" and x] 

(a) connect x to u' and u" by an edge, and for e G X, connect u' to 0(e) by an edge, 
and for e G connect u" to 0(e) by an edge. 

For convenience, we say that G' is obtained from G by splitting vertex u. The following 
lemma is immediate from Lemma 1.3 in [3]. 

Lemma 2.1. Let G and G' he the graphs defined as above. Then 

M{G) = M{G'). 




(d) (e) 

Figure 2. (a) A graph G; (b) the line graph L{G) and G (dotted lines); 
(c) the graph G*; (d) the graph Gs] (e) the line graph L{Gs) and Gs 
(dotted lines). 
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Lemma 2.2. Suppose G is a connected graph and \E{G)\ is even. Let e — {u,v) be an 
edge of G and da{u) > 2,da{v) > 2. For any non negative integer s > 0, let Gg he the 
graph obtained from G by subdividing edge e 2s times (Gq — G). Then 

(a) M{G)=M{G,); 

ih) M{L{G)) = M{L{G,)) for s = 0,l, 2, .... 

Proof. From Lemma 2.1, (a) is immediate. Hence it suffices to prove (6). 

Suppose dciu) = p > 2,dG{v) = q > 2. Let e, /i,/2,---, and /p_i be the p edges 
incident with vertex u, and let e, gi, g2. ■ ■ ■ , and gg^i be the q edges incident with vertex v 
(see Figure 2(a), where p = ? = 3). Hence (e, /i), (e, /2), • • • , (e, /p-i), (e, g-i), • • • , (e, fi-q-i) 
are p + q — 2 edges in -L(G) (see Figure 2(b)). Let G* be the graph obtained from L{G) 
by sphtting vertex e, which is illustrated in Figure 2(c). By Lemma 2.1, 

M{L{G)) = M{G*). (1) 

Since Gg is the graph obtained from G by subdividing edge e 2s times, denote these 2s 
subdividing vertices by f i, ^2, ■ ■ ■ , V2s in turn (see Figure 2(d)). Let Vq = u and f2s+i = v, 
and Cj = (wj-i, Vi),i = 1,2, ■■■ ,2s + 1. Obviously, ei — 62 — • • • — 625+1 is a path with 
2s + 1 vertices in L{G) and dL{G){^i) = 2 for i — 2, 3, • • • , 2s (see Figure 2(e)). Clearly, 

M{L{Gs)) = M{G*). (2). 

Then, by (1) and (2), (6) holds. □ 

Similarly, we can prove the following: 

Lemma 2.3. Suppose G is a connected graph. Let e = {u,v) he an edge of G and 
dciu) > 2,dQ{v) > 2. For any non negative integer s >Q, let G^^^ be the graph obtained 
from G by subdividing edge e 2s + 1 times. Then 

M{L{G^'y)) = M(L(G(2*'+^))),s > 1. 

Now we state and prove our main result as follows. 

Theorem 2.4. Let G be a connected graph with vertex set V{G) , which may have multiple 
edges but have no loops, and 2 < daiv) < 3, for v e V{G). If G has an even number of 
edges, then the number of perfect matchings of the line graph of G equals 2"/^+^, where n 
is the number of 3-degree vertices of G. 
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Proof. We prove the theorem by induction on the number of 3-degree vertices of G. If G 
has no 3-degree vertex, i.e., n = 0, then G is a cycle with an even number of edges. Hence 
M{L{G)) = 20/2+1 _ 2. 

Note that G has an even number of 3-degree vertices. Now we assume that n > 2. 
Suppose u and u' are two 3-degree vertices of G. Since G is connected, there exists 
one path P{u — u'): u = Vq — Vi — ■ ■ ■ — = u' in G. Let j + 1 = m.in{i\dG{vi) = 
3, 1 < i < A;} and v = "Wj+i. Then 1 < j + 1 < A;. Hence there exists one path 
P{u — v): u = vq — vi — ■ ■ ■ — Vj+i = V in G such that dciu) = dciy) = 3, and 
dcivi) = dG{v2) = ■ ■ ■ = dcivj) = 2 if j > 0. By Lemmas 2.2 and 2.3, it suffices to 
consider two cases j = and j = 1. 

Case 1 j = 0. 

Obviously, ei = (m, v) is an edge of G. If G has three multiple edges connecting vertices 
u to f , then G has exactly three edges. This is a contradiction with is even. Hence 

we need to consider the following two subcases: 




(a) (b) (c) 

Figure 3. (a) A graph G; (b) the line graph L(G); (c) the graph G" . 

Subcase 1.1 G has two multiple edges ei and 62 connecting vertices u and v (see 
Figure 3(a)). 

Let 61,62, and 63 = (u,Ui) (resp., 61,62, and 64 = (^,^2)) be the three edges incident 
with vertex u (resp., vertex v) in G (see Figure 3(a)), and ui 7^ f,U2 7^ u. Construct a 
new graph G' from G by deleting vertex v and connecting u and U2 by an edge. Hence G' 
is a connected graph the degree of each of whose vertices is two or three. Particularly, the 
number of the 3-degree vertices of G' equals — 2, where n is the number of the 3-degree 
vertices of G. By induction. 



M(L(G')) = 2("-2)/2+i = 2"/2. 



(3) 
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Note that dL(G){^i) — c^L(G)(e2) = 4 (see Figure 3(b)). Let G" be the graph obtained 
from L(G) by sphtting vertex 62, which is illustrated in Figure 3(c). By Lemma 2.1, 

M{L{G)) = M{G"). (4) 

Note that M{G") = M{G" - f -e2) + M{G" -9-62) (see Figure 3(c)). Since each perfect 
matching of G" — f — 62 (resp. G" — g — 62) contains no edge (ci, 64) (resp. (ei, 63)), by 
the definition of G", it is not difficult to show that 

M{G" - / - 62) = M{G" -9-62)= M{L{G')). 

Hence 

M{G") = 2M(L(G')). (5) 

By (3), (4), and (5), M{L{G)) = 2"/2+i. 

Subcase 1.2 There exists only one edge ei connecting to in G. 

Let ei = {u,v),e2 — {u,ui), and 63 = {u,U2) (resp., ei = {u,v),e4 — {v,us), and 
65 = (^,^4)) be the three edges incident with vertex u (resp., vertex v) in G, and v ^ 

{Ui,U2},U ^ {U^/Ui}. 

Subcase 1.2.1 ei is a cut edge of G. 

If ei is a cut edge of G then G — ei has two connected components Gi and ^2- Assume 
that Gi contains vertex u and G2 contains vertex v. Note that \E{G)\ — |£'(Gi)| + 
\E{G2)\ + 1 is even. Without loss of generality, we suppose that |(£'(Gi)| is even and 
\E{G2)\ is odd. Let G3 = G[V{G2) U {u}], i.e., G3 is the graph obtained from G by 
deleting all vertices in V{Gi)\{u}. Note that ei is a cut vertex of L{G). Hence 

M{L{G)) = M{L{G,))M{L{Gs)). (6) 

Let rii and n2 be the numbers of 3-degree vertices in Gi and G3, respectively. So 

ni + n2^n — l. (7) 

By induction, 

M{L{Gi)) = 2"i/2+\ (8) 

In order to enumerate perfect matchings of G3, we first prove the following: 

Claim 1 Let H he a connected graph with an even number of edges and u a vertex 
of G satisfying dniu) — 1. Suppose e = {u, v) is the edge incident with u in H and there 
exists only three edges e = {v,u),ei = {v,vi), and 62 = ('^,'^2) incident with v in H (i.e., 
duiv) = 3) satisfying |{t'i,t'2}| = 2 (i.e., ei and 62 are not two multiple edges of G). 
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Construct a new graph H' from H by deleting vertices u and v and connecting vertices 
vi to V2 by an new edge e' = {vi,V2). Then M{L{H)) = M{L{H')). 

In fact, by the definition of H , dL(^H){e) = 2 and (ei, 62) is an edge of L{H) which can 
not be an edge of a perfect matching of L{G). Hence M{L{H)) = M{L{H) — (61,62)). 
Let H* be the graph obtained from L{H) — (61,62) by deleting vertex e and identifying 
vertices 61 and 62 (the new vertex is denoted by 6*). Obviously, L{H) — (61,62) is the 
graph obtained from H* by splitting vertex e*. By Lemma 2.1, 

M{H*)=M{L{H)- [61,62)). 

By the definition of H', L{H') = H*. Hence 

M{L{H)) = M{L{H')) 

implying the claim holds. 

Note that G3 satisfies dc^X'^) — ^ dG.,i{v) = 3. The three edges incident with v in 
G3 are {v,u), (^,^3), and (f,-U4). We consider the following cases (a) and (b). 

Subcase 1.2.1(a) [VjU^) and (VjU^) are not two multiple edges in G3 (i.e., U3 ^ U4). 

Construct a new graph G'^ from G3 by deleting vertices u and v and connecting vertices 
U3 to U4 by a new edge (u^, U4). By the claim above, 

M{L{Gs)) ^ M{L{G',)). 
Note that the number of 3-degree vertices of G3 equals 712 — 1. By induction, 

M{L{G'^)) = 2("2-^)/2+i ^ M{L{G^)). (9) 
Hence, by (6) — (9), we have 

M{L{G)) = 2"/2+\ 

Subcase 1.2.1(b) {v,u^) and {v,U4) are two multiple edges in G?, (i.e., u^, = U4). 

Construct a new graph G^ from G3 by replacing edge (f ,^3) in G3 (resp., (f ,^4)) with 
a path (v — Wi — W2 — U3) (resp., [v — Ws — W4 — Us))- That is, G3 is the graph obtained 
from G3 by subdividing each of edges {v,Us) and (vjU^) twice. By Lemma 2.2, 

M{L{Gs)) ^ M{L{Gl)). 

Prom Subcase 1.2.1(a), 

M{L{Gl)) = 2("2-i)/2+i. 
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So we have proved the following: 

M{L{Gs)) = M{L{Gl)) = 2("2-i)/2+i_ (9/) 

Hence, by (6) — (8) and (9'), we have 

M{L{G)) = 2"/2+i. 




(a) (b) 

Figure 4. (a) A graph G; (b) the graph G*; 

Subcase 1.2.2 ei is not a cut edge of G. 

Construct a new graph G* from G by replacing five edges ei = {u, f ), 62 = (m, 63 = 
(u,U2),e4 = (f,M3), and 65 = (f , M4) by five paths {u — Wi — W2 — v), (u — 1^3 — W4 — 
Ml), {u — — We — U2), {v — Wj — Ws — Ms), and {v — Wg — Wio — U4), respectively (see 
Figure 4). That is, G* is the graph obtained from G by subdividing each of five edges 
Ci, 62, 63, 64, and 65 twice. By Lemma 2.2, 

M(L(G)) = M(L(G*)). (10) 

Let (resp., ^(2)) be the graph obtained from G* by deleting vertices wi, W2, and v, and 
connecting vertices wj to wg by a new edge {wj, wg) (resp., by deleting vertices wi, W2, and 
u, and connecting vertices W3 to by a new edge (^3, w^)). Let / = {u, Wi),g = {wi, W2), 
andh= {w2,v) (see Figure 4(b)). Note that M(L(G*)) = M{L{G*) - f - g) +M{L{G*) - 
g — h). With a similar method as in Subcase 1.2.1, we may prove that 

M{L{G*) -f-g) = M(L(G(i))), M(L(G*) - g - h) = M(L(G(2))). 

Hence 

M(L(G*)) = M(L(G(i))) + M(L(G(2))). (11) 

Note that since Ci is not a cut edge of G, both G'(i) and G'(2) are connected graphs with 
n — 2 3-degree vertices. By induction, 

M(L(G(i))) = M(L(G(2))) = 2("-2)/2+^ (12) 



PERFECT MATCHINGS OF LINE GRAPHS WITH SMALL MAXIMUM DEGREE 9 

From (10) - (12), it follows that M{L{G)) = 2"/2+i. 
Case 2 j = 1. 

Now ei = (u, t>i) and 62 = (f 1, v) are two edges of G, and dcivi) = 2, dciu) = dciy) = 
3. If G has two multiple edges connecting vertices u and v, then G is the graph with 
three vertices obtained from the graph with two vertices and three multiple edges by 
subdividing an edge once. It is not difficult to see that G has two 3-degree vertices and 
M(L(G)) = 4 = 2"^^"^^^. Now we only need to distinguish the following two subcases: 




(a) (b) (c) 

Figure 5. (a) A graph G; (b) the line graph L{G); (c) the graph G'{. 

Subcase 2.1 There exists one edge 63 = {u,v) in G connecting vertices u and v (see 
Figure 5(a)). 

Let ei = {u,Vi),e3 = {u,v), and 64 = {u,Ui) (resp., 62 = (f,f 1)563 = {u,v), and 65 = 
(f , U2)) be the three edges incident with vertex u (resp., with verex v), and Ui ^ v,U2 ^ u 
(see Figure 5(a)). Construct a new graph G'l from G by deleting vertex vi. Then G'l is a 
connected graph with n — 2 3-degree vertices. By induction, 

M{L{G[)) = 2("-2)/2+i. (13) 

Note that dL(^c){^3) = 4 (see Figure 5(b)). Let G'/ be the graph obtained from L{G) by 
splitting vertex 63, which is illustrated in Figure 5(c). Thus, by Lemma 2.1, 

M{G'[) = M{L{G)). (14) 

Note that M(G'/) = M{G';~ f - e^) + M{G'I- g -e^) (see Figure 5(c)). Since each perfect 
matching of G" — / — 63 (resp. G" — g — e^) contains no edge (62, 65) (resp. (ci, 64)), by 
Lemma 2.1, it is not difficult to see that 

M{G'; - / - 63) = MiG'i -g-e,) = M{L{G[)). 

Hence, from (13) and (14). 

M(L(G)) = M{G';) = 2M{L{G\)) = 2"/2+i. 
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Subcase 2.2 There exists no edge in G connecting vertices u and v. 

Using the same method as in Subcase 1.2 (hence we omit the proof), we can show 
M{L{G)) = 2"/2+i. 

So we have finished the proof of the theorem. □ 
If G is a graph with n vertices {n — > oo), define the entropy of G as [Zl El [24] 

The following result is immediate from Theorem 2.4. 

Corollary 2.5. Suppose G is a connected cubic graph G with an even number of edges. 
Then the number of perfect matchings of L(G) equals 2^1"^^^, and the entropy of L[G) 
equals where v is the number of vertices ofG. 

Given a connected cubic graph G with u vertices, construct a cubic graph G' with 
vertices from G by cutting off all "corners" of G such that one third of each edge is cut 
off at each of both ends (see Figure 6 for an example), which is called the clique-inserted- 
graph of G in [25]. It is not difficult to see that G' is the line graph L{S{G)) of the 
subdivision S{G) of G. That is, G' = L{S{G)). 




(a) (b) 
Figure 6. (a) A connected cubic graph G; (b) the line graph L{S{G)). 

Corollary 2.6. Suppose G is a connected cubic graph G with v vertices and S{G) denotes 
the graph obtained from G by subdividing every edge once. Then the number of perfect 
matchings of the clique- inserted- graph of G (i.e., the line graph of S{G)) equals 2^^/^+^, 
and the entropy of L{S{G)) equals 

Theorem 2.7. Suppose G is a connected cubic line graph G with v vertices. Then 

(1) . ifG = Ki, then M{G) = 3; 

(2) . if G ^ K4, then there exists a connected cubic graph G^ with z//3 vertices such 
that G = L{S{G+)). Moreover, M{G) = 2"/^+^ and the entropy of G equals 
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Proof. Suppos that G' is a connected graph and G = L{G') is a connected cubic graph. 
Let e = (u, v) be an edge of G' . we have dc'{u) + dc'iy) — 2 = dc^e) = 3, where dc'iu) 
denotes the degree of vertex u of G' . That is, dGi{u) + dG'{v) = 5. Then {dciu), dciv)) = 
(1,4), (4,1), (2, 3) or (3,2). 

If {dG'{u),dG'{v)) = (1,4) or (4,1), then G' is the star Ki^^ with five vertices and G 
is the complete graph K4 with four vertices (otherwise, G is not a cubic graph). Hence 
M{G) = 3. 

If G' 7^ ^^1,4, then for every edge e = {u,v) G E{G') we have {dGi{u),dGi{v)) = (2,3) 
or (3,2). This implies that G' is a graph obtained from a connected cubic graph G"*" by 
subdividing every edge once (i.e., G' = S{G^)). By Theorem 2.4, M(G) = 2^/^+^ and 
hence the entropy of G equals □ 

Remark 2.8. By the theorem above, the conjecture posed by Lovasz and Plummer holds 
for the connected cubic line graphs. 

3. Applications 

As applications, in this section we enumerate perfect matchings of Sierpinski gasket 
with dimension two, 3.12.12 lattices, and Kagome lattices in the context of statistical 
physics. 




Figure 7. The first four stages n = 0, 1, 2, 3 of two-dimensional Sierpinski 
gasket SG2{n). 



3.1. The two-dimensional Sierpinski gasket. Fractals are geometrical structures of 
non-integer Hausdorff dimension realized by repeated construction of an elementary shape 
on progressively smaller length scales [U [ini El H] . A well-known example of fractal is the 
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Sierpinski gasket which has been extensively studied in several contexts [U El [IDl El Hj- 
The construction of the two-dimensional Sierpinski gasket, denoted by SG2{n) at stage 
n is shown in Figure 7. At stage n = 0, it is an equilateral triangle; while stage n + 1 is 
obtained by the juxtaposition of three n-stage structures. The two-dimensional Sierpinski 
gasket has fractal dimensionality In 3/ In 2 [8J. It is not difficult to see that SG2{n) has 
I (3" + 1) vertices and 3"+^ edges p^. Now we construct a graph sequence {Gn}n>o such 
that the line graph of G„ is isomorphic to SG2{n), n = 0, 1, 2, ■ ■ ■ . In fact, at stage n = 0, 
Go is a star Ki ^; while stage + 1 is obtained by the juxtaposition of three ra-stage 
structures, see Figure 8. It is easily verified that L{Gn) = SG2{n). 

i u 




^1 ^2 G3 

Figure 8. The first four stages n = 0, 1, 2, 3 of the graphs G. 



By the definition of G„, G„ has 3" + 3 vertices, where each of 3" vertices has degree 
three and each of three vertices has degree one. The number of edges of Gn equals the 
number of vertices of SG2{'n), which is |(3" + 1). Obviously, G„, has an even number 
of edges if n is odd, and G„ has an odd number of edges otherwise. Since G„ has three 
vertices of degree one, we can not use directly Theorem 2.4. So we construct a new graph 
G'j^ from G„ (ra > 1) by deleting the three vertices of degree one and u,v,w illustrated in 
Figure 8 and replacing each of the three bold edges with two multiple edges. By Claim 1 
in the proof of Theorem 2.4, 

M(L(G„)) = M{L{G'J). 

Note that G^ is a cubic graph with 3" — 3 vertices which has an even number of edges if n 
is odd and an even number of edges otherwise. Hence, by Theorem 2.4, if n is odd, then 

M(L(G;))=2(3"-3)/2+i = 2(3"-i)/2. 
So we give a new method to prove the following: 
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Theorem 3.1 (Chang and Chen, [Ij). Suppose SG2{n) is the two-dimensional Sierpinski 
gasket. Then the number of perfect matchings of SG2{n) equals 2^^"^^^^'^ if n is odd and 
zero otherwise. The entropy of SG2{n) equals if n is odd. 




Figure 9. (a) The 3.12.12 lattice R'^{n, m) with toroidal boundary condi- 
tion, (b) the 3.12.12 lattice R'"{n, m) with cylindrical boundary condition, 
(c) the 3.12.12 lattice R^{n,m) with free boundary condition, (d) the 
hexagonal lattice H^{n, m) with toroidal boundary condition. 

3.2. 3.12.12 lattices. The 3.12.12 lattice R'^{n,m) with toroidal boundary condition is 
shown in Figure 9(a), where (oi, a^), (03, a^), . . . , (a^+i, a*^_^-i), and (61, 6^), (62, b^), . . . , 
(6„_)_i, are edges in R^{n,m). The 3.12.12 lattice R^{n^m) has been used by Fisher 
[7j in a dimer formulation of the Ising model. If we delete edges (61, b\), (62, ^2)5 • • • 5 (^n+i, ^n+i) 
from R'^{n,m), the 3.12.12 lattice R^{n,m) with cylindrical boundary condition is ob- 
tained (see Figure 9(b)). If we delete edges (ai, a\), (02, ^2), . . . , (cim+i, 0^+1) from R'-^{n, m), 
the 3.12.12 lattice R^{n,m) with free boundary condition is obtained (see Figure 9(c)). 
By means of Pfaffians, Fisher [7] and Wu [23] proved that the logarithm of the number of 
perfect matchings of R^{n, m), divided by 3(m-|- l)(n-|- 1) (the number of edges of each of 
perfect matchings of R'^{n, m)), converges | ln2 as m, n ^ 00, which is called the entropy 
of R'^{n, m) by statistial physicists. By Theorem 2.4, we derive the exact formulae of the 
numbers of perfect matchings of R'^lrijm), R^ {n,m), and R^{n,m) as follows. 
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Theorem 3.2. Let R'^{n,m),R'-'{n,m), and R^{n,m) be the3.12.12 lattices with toroidal, 
cylindrical, and free boundary conditions, respectively. Then 

M{R^{n,m)) = 2"^"+'"+"+2^ 

M{R^{n,m)) = 2™"+"^+!, 
M{R^{n,m)) = 2"^". 
Hence R'^{n,m), R'^ {n,m) , and R^{n,m) have the same entropy |ln2. 

Proof. In order to prove the theorem, we introduce the hexagonal lattices which have been 
extensively studied by statistical physicists [OIEIEB]- The hexagonal lattice H^{n, m) with 
toroidal boundary condition is shown in Figure 9(d), where (rfi, d*^), (^2, ^2); • • • ; ('^m+i, (^n+i) 
and (di, c\), (ci, C2), . . . , (c„-i, c*), (c„, (im+i) edges in H^{n, m). It is not difficult to 
see that the line graph of S{H'^{n,m)) is R'^{n,m), where S{H'^{n,m)) is the graph ob- 
tained from H'^{n, m) by subdividing each edge of H'^{n, m) once. Note that there exists 
2(m + l)(n + 1) vertices of degree three in S{H'^{n,m)). By Theorem 2.4, 

M{R^{n,m)) = M{L{S{H^{n,m)))) = 22(-+i)(«+i)/2+i = 2"^"+"^+"+2. 




Figure 10. (a) The graph iff (n,m), (b) the graph iff (n, m). 



Let H'[{n,m) be the graph obtained from H'^{n,m) by replacing each of the n + 1 
edges (di, cj), (ci, Cg), . . . , (c„_i, c*), (c^, c^m+i) with two independent edges (i.e., replacing 
edge {di, cl) with edges {di, /o) and {cl, /g), replacing edge (ci, C2) with edges (ci, /i) and 
(c2,/i), replacing edge (cn-i,c;) with edges (c„_i,/„_i) and and replac- 

ing edge {cn,d*^^^) by edges (c„, /„) and {d*^+i,f*), see Figure 10(a)). For the graph 
H'[{n,m), subdivide each edge in E[H'l {n,m))\A once, where E{H'[{n,m)) is the edge 
set of iff (ra, m) and A is the set of 2n+2 edges (cii, /o), (c^, /q), (ci, /i), (c^, /i ), ■ ■ ■ , (c„_i, /„_i). 
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«>/n-i)>(cn,/n),(C+i>/n)- The resulting graph is denoted by H^{n,m). Obviously, 
EP{n,m) is the line graph of H*{n,m). Note that H'![{n,m) has 2(m + l){n + 1) = 
2mn + 2m + 2n + 2 vertices of degree three and 2n + 2 vertices of degree one, and the 
degree of each of other vertices of H{{n, m) is two. By Theorem 2.4 and Claim 1 in the 
proof of Theorem 2.4, 

Let m) be the graph obtained from H'({n, m) by replacing each of the m+1 edges 

(di, d\), ((^2, d'^, - ■ ■ , {dm+i, ^^^^ independent edges (i.e., replacing edge (di, d\) 

with edges {di,gi) and (^^,5'*), replacing edge (^2,^3) with edges {d2,g2) and {d2,g2), 
replacing edge {d^+i.d*^^^^) with edges (c^m+i, fl'm+i) and {dl,j^i,gl,j^i), see Figure 
10(b)). Let S = {(rfjj^fj), ((i*,5f*)|i = 1,2, ■ ■ ■ ,m+l}. For the graph iJj(n, m), subdivide 
each edge in E{Hj{n,m))\{A U -B) once. The resulting graph is deonted H2{n,m). It 
is not difficult to see that the line graph of H2{n,m) is just R^{n,m), i.e., R^{n,m) = 
L{H*{n,m)). 

Let Hj{n, m) be the graph obtained from Hj{n, m) by deleting six vertices fo,di, gi, f*, 
d^^i and g'^+i illustrated in Figure 10(b). Denote by H^{n,m) the graph obtained 
by subdividing each edge of Hl{n,m) once which is not a pendent edge. Hence the 
number of 3-degree (resp., 1-degree) verteices of H^{n, m) equals 2(m + l)(n + 1) — 4 = 
2mn + 2m + 2n — 2 (resp., 2m+2n). By Theorem 2.4 and Claim 1 in the proof of Theorem 
2.4, 

M{L{H*{n, m))) = 2(2'«"+2rn+2n-2-2m-2„)/2+l ^ 2™". (15) 

Note that every perfect matching of R^{n,m) contains edges (ai,6i), (am+i,^n+i) and 
the two bald edges Ci and 62 illustrated in Figure 9(c). Let Rf{n, m) be the graph obtained 
from R^{n, m) by deleting the eight vertices incident with edges ei, 62, (ai, 61), (a^+i, &n+i)- 
Then 

M{R^{n, m)) = M(R({n, m)). (16) 
Obviously, the line graph of H^{n,m) is Rf{n,m). Thus 

M{R({n, m)) = M{L{H*{n, m))). (17) 



By (15), (16), and (17), 

M{R^{n,m)) = 2 
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Hence 

In M(R^(n,m)) , \nM(R^(n,m)) , In M(i?^(n, m)) 1, 
lim — r- r = lim — = lim — = - m 2, 

m,n^oo 3{m + l)[n + 1) m,n^oo 3{m + l)[n + 1) m,n^oo 3{m + l)[n + 1) 3 

implying that Theorem 3.2 holds. □ 

Remark 3.3. Similary, we can define the 3.3.12 lattices R^{n,m) and R'^\n,m) with 
Klein-bottle and Mobius-band boundary conditions, respectively. It is similarly verified 
that 

M{R^{n,m)) = 2"^"+"^+"+^ M(i?*^(n, m)) = 2"^"+"+^ 




Figure 11. The graph m). 

3.3. Kagome lattices. Let G{n,m) be the plane lattice graph illustrated in Figure 
11, each of whose vertices has degree two or four. For G{n,m), if we identify each 
pair of vertices Ui and u*, Vj and v*, i = 1,2, ■■■ ,2m, j = 1,2, ■ ■ ■ ,n, the resulting 
graph, denoted by K'^ (71,171), is called the Kagome lattice with toroidal boundary condi- 
tion by statistical physicists (see [HI HH |23l |22l 121]). For G{n,m), if we delete vertices 
vl,V2, - ■ ■ and identify each pair of vertices Ui and u*, i = 1, 2, ■ ■ ■ , 2m, the result- 
ing graph, denoted by K^{n,m), is called the Kagome lattice with cylindrical bound- 
ary condition (see [21]). And the graph obtained from G{n,m) by deleting vertices 
u*,v*,i = 1,2, ■■■ ,2m, j = 1,2, ■ ■ ■ ,n, is called the Kagome lattice with free bound- 
ary condition, denoted by K^{n,m). By the definitions of K'^{n,m),K^{n,m), and 
K^{n,m), we know that all K^{n,m), K'-^{n,m), and K^{n,m) have Qmn vertices. 

The study of the molecular freedom for the kagome lattice has been a subject matter 
of interest for many years (see, for example, [Gj [H]), but most of the studies have been 
numerical or approximate. By using Faffian orientation, Wu and Wang [21] obtained the 
interesting formulae of the numbers of perfect matchings of K^[n,m) and K^{n,m) as 
follows: 

M{K^{ri,m)) = 22-"+\ M{K^{n,m)) = 22-"-«+i. (18) 
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In fact, they gave a more general formulae (each edge was weighted, see [21] )• Now we 
give a new method to prove (18). Furthermore, we will prove the following: 

M{K^{n, m)) = 22'""-2™-"+i. (19) 




(C) 

Figure 12. (a) The graph K'^{n,m), where Ui and u* are identified as 
a single vertex, i = 1, 2, ■ ■ ■ , 2m, and Vj and v* are identified as a single 
vertex, j = 1,2, ■ ■ ■ ,n. (b) The graph K^{n,m), where Ui and u* are 
identified as a single vertex, i = 1,2, ■ ■ ■ , 2m. (c) The graph {n, m). 

In the proof of Theorem 3.2, we have defined the hexagonal lattice H'^{n, m) with 
toroidal boundary condition (see Figure 9(d)) and two graphs H'^{n,m) and ifj(n, m) 
(see Figure 10). It is not difficult to see that K^{n, m) is the line graph of H'^{n—1, 2m— 1) 
(see Figure 12(a), where we embed H^{n — 1,2m — 1) and K^{n,m) simultaneously in 
the plane), K'~^{n,m) is the line graph of the graph , denoted by Hi{n — 1,2m — 1), 
which is obtained from H^{n — 1, 2m — 1) by deleting vertices /q , fi, ■ ■ ■ , f*_i (see Figure 
12(b), where we embed K'~^{n, m) and Hi{n — 1, 2m — 1) simultaneously in the plane), and 
K^{n, m) is the line graph of the graph, denoted by if 2(^1- — 1, 2m — 1), which is obtained 
from H'^ in - 1,2m - 1) by deleting vertices fo,fi,--- , f*_i, gl,gl,- ■ ■ ,g*2m (see Figure 
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12(c), where we embed K^{n,m) and H2{n — 1,2m — 1) simultaneously in the plane), 
respectively. With the same method as in the proof of Theorem 3.2, we can prove (18) 
and (19). Hence we have the following: 

Theorem 3.4. Let K'^ (n, m) , K'-'' (n, m) , and K^{n,m) be the Kagome lattices with 
toroidal, cylindrical, and free boundary conditions, respectively. Then M{K'^{n,m)) = 
22'""+i,M(ir^(n,m)) = 22™"-"+i, M(ir^(n, m)) = 22™"-2™-«+i. Hence K^{n,m), K^\n,m), 
and K^{n,m) have the same entropy fin 2. 

Remark 3.5. Similary, we can define the Kagome lattices K^{n,m) and K^{n,m) with 
Klein-bottle and Mobius-band boundary conditions, respectively. It is similarly verified 
that 

M(K^(n,m)) = 22™"+\M(ir^(n,m)) = 22"^"""+^ 

4. CONCLUDING REMARKS 

Kuperberg [13] showed that the number of perfect matchings of the line graph of a 
graph with vertices of degree at most 3 (and with an even number of edges) is a power of 
2. In this paper, we obtain the exact formula of the number of perfect matchings of the 
line graph of a graph with vertices of degree equal to two or three and with an even number 
of edges. Moreover, our result implies that the conjecture of Lovasz and Plummer on the 
perfect matchings of regular graphs holds for the connected cubic line graphs and the line 
graphs of connected cubic graphs with an even number of edges. Finally, as applications 
of our result, we use a unified method to prove some known formulae of perfect matchings 
of the Kagome lattices with toroidal and cylindrical boundary conditions by Wang and 
Wu [221 [21], the 3.12.12 lattices with toroidal boundary condition by Fisher [7] and Wu 
|23j . and the Sierpinski gasket with dimension two by Chang and Chen [T], respectively. 
Furthermore, by using this unified approach we solve the problem of enumeration of per- 
fect matchings of the Kagome lattices with free, Klein-bottle, and Mobius-band boundary 
conditions, and the 3.12.12 lattices with cylindrical, free, Klein-bottle, and Mobius-band 
boundary conditions, respectively. 
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